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@ Our goals:

@ To explain in which sense the predictions of some ("standard”) GE
models (Lucas tree and Alvarez-Jermann models) are not consistent
with these facts, i.e. positive autocorrelations of order 1 to 3 and
negative autocorrelations of higher order.

@ To show that a GE model with belief heterogeneity AND binding
borrowing constraints can yield predictions that are consistent with
these facts.
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@ Our analysis is based on a methodological contribution:
© A recursive characterisation of constrained PO (CPO) allocations in
economies with limited enforceability & belief heterogeneity.
@ A decentralisation of these allocations as competitive equilibria with
(endogenous) solvency constraints (CESC).

@ |F every agent knows the true dgp is Markov, THEN

© PO or CPO (homogeneous beliefs) allocations cannot generate both
short-term momentum and long-term reversal.

© CPO allocations with heterogeneous beliefs can generate both short-term
momentum and long-term reversal.
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@ Indiv. Endowment: yit(s) = €i(st) yt (s).
@ Subjective Prob. Space: (5%, F, P;) where

Pi (A) = P™(A), mi€(0,1) (DOGMATIC beliefs)

@ Preferences: ui(x) and discount rate 8
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@ Y (sp) is the set of feasible allocations.

@ A feasible allocation {Ci}:{:l is enforceable if for every agent i

Ui(ci)(s*) > Ui(st, 7t;), for all t and all s*.

@ Y2 (sp) C Y (sp) is the set feasible enforceable allocations.

° {C,'},-:L2 € Y£ (s0) is Constrained Pareto Optimal (CPO) if there is no other
{Ci}ti—12 € Y2 (s0) such that Uli(@) > Ul (cf) forall i = 1,2.
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@ As in Mehra and Prescott, expected utility is well defined if
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@ Planner’s Problem: v (&, B &) = supyey(e) Y2 uj,

@ v* is a fixed point (not unique) of the operator T.

2

(TH (@) = max . Y { e+ (O D) w >}
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w'(g) e UB(E) v
e T is not a contraction.
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@ ThePO Law of Motion

i (¢
, , (&8 J i
f , = — 0 = 19 :
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< if ﬂj(‘:,?) <1

e THEOREM (Beker & Espino, JET 2010): Suppose the true dgp is Markov.
Then the welfare weights’ distribution converges, P™ — a.s., to a
degenerate measure on

Q :( a1,041(7") arop () )
*© Lier wiopi(7%) """ Yiey aiopi() )
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Then the welfare weights’ distribution converges, P™ — a.s., to a
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o The Markov process (s¢, «¢) has a unique invariant measure Yoo
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Momentum and Reversal

° rer1(s) = %(sd)t“(s) — rf (s) — return of the Mehra-Prescott asset.

_ 1 1
o rT(S) 7t§1rt(5) & (T%— 71,

(re(s) =77 (s))*

gl

1
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Momentum and Reversal

_ Pry1(s)+dera(s)

— rf (s) — return of the Mehra-Prescott asset.
pe(s)

° rei1(s)

— _ T & 2 _ L — 2
o Tr(s) = L (o) =7 L (n(s) =71 (s)
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Momentum and Reversal

° rer1(s) = %(sd)”l(s) — rf (s) — return of the Mehra-Prescott asset.
_ 1 T > 1 T _ 2
orr(s) ==X n(s) & ocr==Y (r(s)—77(s))
T t=1 T t=1

1 T

° cov7(s) = e 21 (rex1(s) =77 (5)) (resk (s) =71 (5))
t=

o prr(s) = cov 1 (5)
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Momentum and Reversal

° rer1(s) = %(sd)t“(s) — rf (s) — return of the Mehra-Prescott asset.

® cov,1(s) = 7L
t=

cov 1 (5)

ST E @

o Definition: An asset displays short-term momentum on s if
T/im Pk, 7 (s) >0 for k € {1,2,3} and long-term reversal on s if
—» 00

. >4
Tlinoopg,r (s) <0 forall k>4

University of Warwick, EC 901 Economics Analysis: Microeconomics Pablo F. Beker 11 of 22



An Economy with Growth Momentum and Reversal

Momentum and Reversal

@ In any CE or CESC, (s¢, &) summarizes history.

University of Warwick, EC 901 Economics Analysis: Microeconomics Pablo F. Beker 12 of 22



An Economy with Growth Momentum and Reversal

Momentum and Reversal

@ In any CE or CESC, (s¢, &) summarizes history.

o Write Re (¢, ¢) (St+1) where e € {po, cpo}

University of Warwick, EC 901 Economics Analysis: Microeconomics Pablo F. Beker

12 of 22



An Economy with Growth Momentum and Reversal

Momentum and Reversal

@ In any CE or CESC, (s¢, &) summarizes history.
o Write Re (¢, ¢) (St+1) where e € {po, cpo}

@ PROPOSITION: Suppose the true dgp is Markov and both agents know it.
In any CESC, there is an invariant measure Y. such that,

*

lim covrk (s) = cov’e (Rie, Rk.e) P — as.
T—co

where P. = Pfe (Y., ) and Fe is the transition function of (s;, a¢).
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An Economy with Growth Statistical Characterization

Statistical Characterization
o Let Fl,e = Rl,e — EPe (Rl,e> .
covPe (Rie, Rre) = EPe [Rie- EPe (Ree| Rie)]

University of Warwick, EC 901 Economics Analysis: Microeconomics Pablo F. Beker

13 of 22



S ) € e
Statistical Characterization
o Let Rie = Rie— EP (Rpe).
covPe (Rie, Ree) = EPe [Rie - EPe (Rre| Rie)]

o EF- (Rr.e| R1e) — T-period ahead conditional equity premium.
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Statistical Characterization
o Let Fl,e = Rl,e — EPe (Rl,e) .
covPe (Rie, Rre) = EPe [Rie- EPe (Ree| Rie)]

o EF- (Rr.e| R1e) — T-period ahead conditional equity premium.

o Definition: The 1- period ahead conditional equity premium “trends” if
EPe (Rre| Rie > 0) > EP* (Rpe| R1e <0).

and “reverts” if the inequality above is reversed.
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An Economy with Growth Statistical Characterization

Statistical Characterization
o Let Fl,e = Rl,e — EPe (Rl,e) .
covPe (Rie, Rre) = EPe [Rie- EPe (Ree| Rie)]

o EF- (Rr.e| R1e) — T-period ahead conditional equity premium.

o Definition: The 1- period ahead conditional equity premium “trends” if
EPe (Rre| Rie > 0) > EP* (Rpe| R1e <0).
and “reverts” if the inequality above is reversed.

@ Proposition: [f the T-period ahead conditional equity premium trends,
then the T—order autocorrelation is positive. If the T-period ahead
conditional equity premium reverts, then the T—order autocorrelation is
negative.
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Economics of Trending
Some Economics of Trending

@ The market belief is:

/ _ Qe(&n)(&) _ pF /
Me (C ‘5' "‘) = a0 e — R (&) Q€ 0)E)>0.>0.
risk—free rate =~ AD—price
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Some Economics of Trending

@ The market belief is:

_ Qe(2.0)(&) = RE@E0) Qe(6.0)(§) > 0.>0.

Me (C‘ 6. "‘) T RGN+ E) )

=4

risk—free rate ~ AD—price

@ EM (Rye|C @) =0  (no arbitrage)

© EP*(Rielg o) (-) = E™ (%R"'e q (X>

@ For p; > 0 it suffices that

EP- (Rz,e|ﬁ1'e > 0) > EPe (R2,elﬁl,e < 0)

0
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Economics of Trending
Some Economics of Trending

@ The market belief is:

/ _ Qe(£.00(¢) _ RF /
me (§]20) = grai atam = FLEH) QE0E)>0>0

risk—free rate ~ AD—price

@ EM (Rye|C @) =0  (no arbitrage)
¢.a)

o EP(Riel &) () = E™ (7 Rice

@ For p; > 0 it suffices that
EP (Rye| R1e > 0) > EPe (Rye| Rie < 0) 2)
T

ﬁl,e > 0) > EMe (%RZe

Eme (%Rz,e Rie < 0)

@ Roughly speaking, the one-period-ahead conditional equity premium
trends if the market is more pessimistic (about a positive return)
conditional on a positive return than on a negative one.
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1st order trending: PO

o Let corr,(g) be the agents’ belief (possibly incorrect) about the
autocorrelation of the growth rate.
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1st order trending: PO

o Let corr,(g) be the agents’ belief (possibly incorrect) about the
autocorrelation of the growth rate.

@ Note that in any PO allocation:
@ For any «,

Rpo(& &)(¢") depends only on g(¢) and g(&').

@ for any ¢,

g(l)"t —g(H)™*
H

Rpo(§)(H) > 0> Rpo(§)(L) & P corralg) < g(L)= —g(H)™""
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2T T
1st order trending: PO

o Let corr,(g) be the agents’ belief (possibly incorrect) about the
autocorrelation of the growth rate.

@ Note that in any PO allocation:
@ For any «,

Rpo(& &)(¢") depends only on g(¢) and g(&').

@ for any ¢,

Rpo(§)(H) > 0> Rpo(§)(L) & B corra(g) <

e Proposition: Suppose growth is uncorrelated and corr,(g) < 0. If
Rpo(H)(H) > Re(L)(H), then the first order autocorrelation of returns is
non-negative.

University of Warwick, EC 901 Economics Analysis: Microeconomics Pablo F. Beker 15 of 22
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Autocorrelations of higher order

o Property G:
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Economics of Long-Term Mean Reversion
Autocorrelations of higher order
o Property G:

© The autocorrelations of returns do not change sign if the (true) 1st order
autocorrelation of the growth rate is positive.
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Autocorrelations of higher order

o Property G:
© The autocorrelations of returns do not change sign if the (true) 1st order
autocorrelation of the growth rate is positive.
@ The autocorrelations of returns alternate signs if the (true) 1st order
autocorrelation of the growth rate is negative.
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autocorrelation of the growth rate is positive.
@ The autocorrelations of returns alternate signs if the (true) 1st order
autocorrelation of the growth rate is negative.
© The autocorrelations of returns of order k > 2 are all zero if the (true) 1st
order autocorrelation of the growth rate is zero.
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An Economy with Growth Economics of Long-Term Mean Reversion

Autocorrelations of higher order

o Property G:
© The autocorrelations of returns do not change sign if the (true) 1st order
autocorrelation of the growth rate is positive.
@ The autocorrelations of returns alternate signs if the (true) 1st order
autocorrelation of the growth rate is negative.
© The autocorrelations of returns of order k > 2 are all zero if the (true) 1st
order autocorrelation of the growth rate is zero.

@ Theorem Il Property G holds in
(a) any Pareto Optimal equilibrium with S = 4
(b) any CPO equilibrium with S =4 and a;(1) = a;(2)
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An Economy with Growth Economics of Long-Term Mean Reversion

Autocorrelations of higher order

o Property G:
© The autocorrelations of returns do not change sign if the (true) 1st order
autocorrelation of the growth rate is positive.
@ The autocorrelations of returns alternate signs if the (true) 1st order
autocorrelation of the growth rate is negative.
© The autocorrelations of returns of order k > 2 are all zero if the (true) 1st
order autocorrelation of the growth rate is zero.

@ Theorem Il Property G holds in
(a) any Pareto Optimal equilibrium with S = 4
(b) any CPO equilibrium with S =4 and a;(1) = a;(2)

@ Remark: states 1 and 2 in (b) are those where agent 1 is rich.
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Calibrated Economy

@ By symmetry, there are free 10 parameters to be selected: six for 7%,
two for y1 () and two for g (+).
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Calibrated Economy

@ By symmetry, there are free 10 parameters to be selected: six for 7%,
two for y1 () and two for g (+).

@ We calibrate the model so that the quarterly growth rate of output is
uncorrelated and displays the same mean, standard deviation and
frequency of recessions as in the US data for 1948 - 2007.
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Calibrated Economy
Calibrated Economy

@ By symmetry, there are free 10 parameters to be selected: six for 7%,
two for y; (+) and two for g (+).

@ We calibrate the model so that the quarterly growth rate of output is
uncorrelated and displays the same mean, standard deviation and
frequency of recessions as in the US data for 1948 - 2007.

@ We calibrated the remaining parameters to match the same 6 moments
of the household income data that Alvarez and Jermann (RFS, 2001)
used.
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An Economy with Growth Empirical Autocorrelations

Empirical Autocorrelations

e Quarterly autocorrelations of stock market excess returns (Shiller's data):
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An Economy with Growth Empirical Autocorrelations

Empirical Autocorrelations

e Quarterly autocorrelations of stock market excess returns (Shiller's data):

Sample Autac onreltion Function
T T T T

Lag
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PO Allocations

PO Autocorrelation Fnnetion

0.2835
=
2 o (22} 0.
K o-n(2)2) .80
z o m(22)  0.8536
© o m(22)  0.9036

0.00m1
1

3}

i3 0.99, Calibrated ¢ and p 0

PO Autocorrbhgdon Function

w10 B 099, Calibrated ¢ and p 0

10
-
g o (2]2) 0.7546
= o m(2[2)  0.8036
T 0P 009 o r(22) 0.8536
% - r(202)  0.9036
10
1 [ 11
Lags

owth

Correlations

Correlations

PO Allocations

PO Autoeorrelation Funetion

i 0.99, Calibrated ¢ and p 0

o 7(2[2)
0 m(2(2)
o m(2[2)
o 7(22)

0.7536
0.8036
0.8536
0.9036

G

Lags
PO Autocorrclation Function
# 0,99, Calibrated o and p

0
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PO Autocorrelation Fnnetion

0.2835
=
2 o (22} 0.
K o-n(2)2) .80
z o m(22)  0.8536
© o m(22)  0.9036

0.00m1
1

3}

i3 0.99, Calibrated ¢ and p 0

PO Autocorrbhgdon Function

w10 B 099, Calibrated ¢ and p 0

10
-
g o (2]2) 0.7546
= o m(2[2)  0.8036
T 0P 009 o r(22) 0.8536
% - r(202)  0.9036
10
1 [ 11
Lags

@ For each belief about 77*(2]2),

Equity Premium of 5.91%.
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PO Autoeorrelation Funetion

i 0.99, Calibrated ¢ and p 0

w
z ! o 7m(2[2) 0.7536
Z ! o m(2|2)  0.8036
T ! o (2|2} 0.8536
& N @ (2|2)  0.9036
o
0.0001
1 i 11
Lags
PO Autocorrelafion Function
# 0,99, Calibrated ¢ and p 0
I e e I e e e
w
E o m(2]2) 0.7536
= o-m(2|2) 08036
B - m(2|2)  0.8536
& @ m(2(2)  0.9036
=
6 1
Lags

we choose B = .99 and ¢ to match the
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Our Model at Work: CESC-Heterogeneous |
Our Model at Work: CESC-Heterogeneous |

@ Agent 1 has correct beliefs.
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@ Agent 1 has correct beliefs.

@ Agent 2 has beliefs

—&1 €1 0 0

— g2 —& 0 0
o =70 + 0 0 _ey gy
0 0 €2 —&2

where ez € [7(&|€), (E|€)] for & € {1,2}.
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@ Agent 2 has (possibly) incorrect beliefs regarding the persistency of
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@ Agent 2 has (possibly) incorrect beliefs regarding the persistency of
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o Agent 2 has correct beliefs regarding the idiosyncratic state.
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@ Agent 1 has correct beliefs.
o Agent 2 has beliefs

—&1 €1 0 0

— g2 —& 0 0
o =70 + 0 0 _ey gy
0 0 €2 —&2

where ez € [7(&|€), (E|€)] for & € {1,2}.

@ Agent 2 has (possibly) incorrect beliefs regarding the persistency of
expansion and/or recessions.

o Agent 2 has correct beliefs regarding the idiosyncratic state.
e Agent 2 has correct beliefs about being rich or poor the next period.
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Our Model at Work: CESC-Heterogeneous |
Our Model at Work: CESC-Heterogeneous |

@ Agent 1 has correct beliefs.
o Agent 2 has beliefs

—&1 €1 0 0

— g2 —& 0 0
o =70 + 0 0 _ey gy
0 0 €2 —&2

where ez € [7(&|€), (E|€)] for & € {1,2}.

@ Agent 2 has (possibly) incorrect beliefs regarding the persistency of
expansion and/or recessions.

o Agent 2 has correct beliefs regarding the idiosyncratic state.

e Agent 2 has correct beliefs about being rich or poor the next period.

e Agent 2 has correct beliefs about the correlation of the growth rate if
€1+¢e =0
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CPO Allocations

@ In this example, agent 2 (correctly) beliefs the growth rate is uncorrelated:

CPO-lleterogencous Belicfs Autocorrelation Function
3 08540 03iandp 0
0.235
s [ Autocorrelations for m 7w m(1[1) _# (1) 1020 and m(22) 7(2[2) 021 ]
AN
\
A\
N
A
N
\
0.1605 L]
|
£ \
@ A
E \
= \
g
o A
5 \
3 \
= Y
< \
A
A
A
A
\
i\
\
0.0055
TS~ P S S & —————— - —————— M
0.016 . b S S f ; ;
1 2 3 1 5 § 7 8 [ 10
Lags
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CPO Allocations

@ In this example, agent 2 (correctly) beliefs the growth rate is uncorrelated:

CPO-lleterogencous Belicfs Autocorrelation Function
3 08540 03iandp 0
0.2354
[ Autocorrelations for m__ 77, m(1[1) _« (1) 1 020 and m(2]2) 7' (22) 0.21 |
\
AN
\
A\
N
A
N
\
0.1605 L]
|
£ \
@ A
E \
= \
g
o A
5 \
3 \
£ |
< \
A
A
A
A
\
i\
\
0.0055
T S [ -~~~ M
0.016F . b S S f ; ;
1 2 3 1 5 § 7 8
Lags

e Equity Premium is 4.19%.
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CPO Allocations

@ In this example, agent 2 (correctly) beliefs the growth rate is uncorrelated:

CPO-lleterogencous Belicfs Autocorrelation Function
3 08540 03iandp 0
0.2354
v [® Antocorrelations for 77, m(1[1) _#°(1[1) 1 .20 and m2(2[2) #(22) 021 |
\
AN
\
A\
N
A
N
\
0.1605 L]
|
£ \
@ A
E \
= \
g
(f \\
3 \
E o
< y
A
A
A
A
\
i\
\
0.0055
S D S P O— o °
0.016F . y»«f/**’""”f b & ; ;
1 2 3 1 ] § 7 8 [ 10
Lags
e Equity Premium is 4.19%.

@ The Risk-Free rate is way too high.
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Conclusions

Conclusions

@ We show that short-term momentum and long-term reversal are
consistent with the qualitative predictions of CESC with belief
heterogeneity when the model is calibrated to US post-war quarterly
data.
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@ We show that short-term momentum and long-term reversal are
consistent with the qualitative predictions of CESC with belief
heterogeneity when the model is calibrated to US post-war quarterly
data.

e The (endogenous) dynamics of the wealth distribution induces asset
returns "as if" in booms the market becomes (on average) pessimistic
about the short-term and optimistic about the long-term.
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Conclusions

Conclusions

@ We show that short-term momentum and long-term reversal are
consistent with the qualitative predictions of CESC with belief
heterogeneity when the model is calibrated to US post-war quarterly
data.

e The (endogenous) dynamics of the wealth distribution induces asset
returns "as if" in booms the market becomes (on average) pessimistic
about the short-term and optimistic about the long-term.

o We did not assume agents have psicological biases.
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