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1 Introduction

Executive pay is a topic that has continuously interested media and academia
alike. Since Jensen and Murphy (1990)’s seminal paper, there has been a
big debate about the effectiveness of the observed compensation schemes in
inducing the proper incentives while providing insurance to risk-averse man-
agers. Empirical surveys and recipes abound.? The most important question,
however, is how the optimal compensation scheme should actually look like.
Estimating the top-management pay is not a trivial. task. It relates to the
vast literature on dynamic contracts pioneered by Green (1987) and Spear
and Srivastava (1987). In a dynamic model of adverse selection, Thomas
and Worrall (1990) demonstrated that a legally enforceable contract would
have the borrower’s utility converging to minus infinity with probability one.
Phelan (1995) showed that in a dynamic insurance setting characterized by
one-sided commitment, there exists a non-degenerate long-run distribution
of consumption. While the agency literature has mainly focused on deriving
contracts inducing optimal effort, the participation constraints have largely
been ignored. Some notable exceptions are Sleet and Yeltekin (2001) and
Spear and Wang (2005) who concentrate on contract terminations and Cao
and Wang (2008) who endogenize agent’s reservation utility.

In the current paper, I compute the dynamically optimal executive com-
pensation. Since I am interested in the long term dynamics of the contract and
the resulting wealth distribution, I focus on long-term self-enforcing schemes
that are incentive compatible. The setting is an infinite-horizon moral hazard
problem characterized by limited commitment and history-dependent reser-
vation utilities. Each period, the firm’s shareholders (treated as a risk-neutral
principal) and the CEO (a risk-averse agent) sign a contract which specifies
a recommended level of effort to be exercised by the agent this period and
the compensation the agent will receive in the end of the period. The effort
exerted by the agent is not observed by the principal and influences the firm’s
(gross) profit in a non-deterministic fashion. Therefore, the compensation of
the agent cannot be based on the specific level of effort exercised. However,

3See Murphy (1999) and Jensen and Murphy (2004) for a review.
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it can be made contingent on firm’s realized profit. More generally, since the
firm’s profit is publicly observable and no amnesia is introduced in the model,
the contract can be based on the whole history of profit realizations and the
compensation can additionally be made contingent on the profit to be realized
in the end of the period. Moreover, the contract should provide the proper
incentives to the manager in order for him/her to exert exactly the level of
effort recommended by the firm’s shareholders. Limited commitment is as-
sumed on both parts in the sense that both the shareholders and the CEO
can commit only to short-term (single-period) contracts. This assumption
is intended to reflect legal issues on the enforcement of long-term contracts.
However, at the initial period the shareholders can offer a long-term contract
(a supercontract) that neither they, nor the manager would like to renege on,
and that would provide the necessary incentives for the manager to exercise
the sequence of effort levels suggested by the principal.

Wang (1997) and Aseff (2004) use a similar framework in order to analyze
the optimal contract. The former, however, does not rigorously analyze the
effects of limited commitment on both parts of the relationship while the
latter restrictively pre-supposes the optimality of high effort and effectively
estimates the optimal compensation scheme that induces it.

Furthermore, in my treatment of limited commitment, I allow for correla-
tion between the reservation utilities of the agent and the principal and the
(finitely truncated) history of profits. This extension directly affects the set
of possible endogenous utilities, but also permits the analysis of some inter-
esting dynamic effects. For example, if the outside offer for the manager is
positively correlated with current profit (due to, say, a belief on part of the
outside employers that the firm’s performance reveals information about the
quality/type of the manager), we may expect that he/she would be moti-
vated to increase the probability of high profits in the future (by choosing
a higher level of effort). At the same time, the risk-averse managers would
like to smooth consumption across states, which may require that their par-
ticipation constraint does not bind for lower profit realizations. Moreover, it
may become increasingly more difficult to motivate richer CEOs, especially
when the shareholders face some borrowing constraints, which may lead to
the suboptimality of inducing high effort for such CEOs.

The current paper is the first to look at how shocks on the reservation
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utilities may affect the parties to a dynamic contractual relationship. In
particular, we investigate whether the optimal contract insures the manager
against variability in the value of his/her outside options. We build up the
intuition behind the possible effect of such an insurance on the manager’s
utility in the short and the long run and relate it to the properties of the
limiting distribution.

The framework falls into the scope of Morfov (2010); therefore, an op-
timal contract exists and the problem can be characterized recursively and
addressed by dynamic programming techniques.

The estimation is conducted in three steps. First, the state space of an
auxiliary problem that does not require the participation of the principal
but binds the wage from above is recovered as the limit of a generalized
Bellman equation. Second, the aforementioned auxiliary problem is solved by
a standard recursive procedure. Third, the optimal recursive contract and its
state space are recovered by severely punishing the principal for each violation
of his/her participation constraint.

In order to estimate the model, I parameterize it following the calibration
of Aseff (2004) and Aseff and Santos (2005) based on the results of Hall and
Liebman (1998) and Margiotta and Miller (2000).

Regarding the numerical computation, one point deserves special atten-
tion. In computing the endogenous state space we are iterating on sets and
therefore need to represent them efficiently. For the class of infinitely repeated
games with perfect monitoring, Judd, Yeltekin and Conklin (2003) are able
to construct inner and outer convex polytope approximations based on the
convexification of the equilibrium value set through a public randomization
device. The algorithm I use may be of independent interest since it does not
rely on the convexity of the underlying set. The main idea is to discretize the
guess for the equilibrium set elementwise, extract small open balls around the
gridpoints unfeasible with respect to the (non-updated) guess and use the re-
maining set, i.e., the guess less the extracted intervals, as a new guess for the
equilibrium set. The procedure stops if the structure of the representations of
two successive guesses coincides* and the suitably defined difference between
the representations is less than some prespecified tolerance level.

4Namely, if the representations have the same number of closed sets element by element.
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I derive the state space under constant reservation utilities. Then, I con-
sider a single-period history dependence and show theoretically that if the
manager’s reservation utilities are sufficiently dispersed, his/her participation
constraint does not bind under the worst case scenario, which is also ob-
served when the manager can essentially commit when his/her outside option
is at its lowest value. In other words, the minimum utility the CEO can be
promised for initial histories characterized by lower reservation utility is gen-
erally boosted by higher reservation utilities for other states. Alternatively
put, the optimal contract provides the CEO with some insurance against
fluctuations in the value of his/her outside options, which ultimately smooths
his/her consumption across (initial history) states. In case of positive correla-
tion between firm’s profits and manager’s reservation utilities, this translates
into the participation constraint of the manager being non-binding in states
characterized by low profits. Computing the model actually shows that utility
promises close to the reservation level are possible only under the manager’s
best-case scenarios when his/her reservation utility is the highest (i.e., when
the highest profit has been observed).

The numerical results suggest that with a loose upper bound on wages,
the optimal contract can support extremely high values for the expected dis-
counted utility of the CEO when the participation of the principal is not
guaranteed. However, when solving for the self-enforcing contract, these val-
ues naturally disappear since they violate principal’s participation constraint.
Exerting effort appears to be the predominant strategy for the principal, but
shirking may still be optimal when the agent is rich enough. The optimal wage
scheme and the future utility of the manager tend to grow in both current
utility and future profit. Intuitively, both current and future compensation
are used to induce poor and mid-range managers to work hard, while rich
managers prove too difficult to motivate. The latter shirk and while they
may face some fluctuations in their current income stream in case of binding
credit constraints on part of the firm, their lifetime utility remains relatively
flat.

Simulations suggest that CEQO’s utility weakly increases in the long run. In
particular, agents who start rich tend to keep their utility level while those who
start poor get richer in time. The increase is most pronounced for managers
with initial utilities below the highest reservation utility. These managers first
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have their utilities pushed well above their reservation level. Then, the princi-
pal motivates them to work hard by rewarding success through continuation
utilities while providing insurance through flatter wages. In this way, the
probability of success and, therefore, of a higher reservation utility tomorrow
increases which rises the manager’s expected continuation utility. The long
term distribution of manager’s utility is non-degenerate and depends on the
initial utility promise but not directly on the relevant initial history at least
as far as short initial histories are concerned.

The rest of the paper is structured as follows. Section 2 presents the model
in a general and recursive form. Section 3 explains the numerical algorithm
at a practical level and discusses the results. Section 4 concludes. Appendix
1 contains all the proofs. Appendix 2 presents the results.

2 Model

The setting describes a dynamic interaction between the shareholders of a
corporation and its chief executive officer (CEO). The shareholders are exclu-
sively interested in the profit realized by the corporation. They need the CEO
to run the company but cannot observe the level of effort he/she exerts on
the job. If offered a fixed compensation, the manager will naturally prefer to
shirk rather than work hard, so such a scheme would have no incentive impact
whatsoever. On the other hand, since the shareholders know the distribution
of firm’s (gross) profits conditional on executive’s effort, they can offer a wage
scheme contingent on the future profit realization in order to invoke the man-
ager to adhere to a certain type of behavior. While the shareholders would
prefer the manager to work hard every period, it may be costly to induce
such a behavior. The CEO who is risk averse in the money he/she receives,
would require a higher average remuneration in order to compensate him/her
for the increased volatility of his/her current income. Since the manager is
free to walk out of the relationship, incentive compatibility may go against
individual rationality, namely, it may become difficult to induce the CEO to
work hard and keep him/her in the company. The situation may further be
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complicated by the shareholders’ own limited commitment. While it is very
interesting to see how the optimal contractual agreement would look like in
terms of incentives, insurance, compensation, induced behavior, and wealth
distribution, characterizing it may prove quite involved given the parties’ in-
ability to commit and the realistic possibility that the manager’s outside job
offers/opportunities may vary with firm’s realized profit (different types of
agents whose ability may be considered related to firm’s performance by out-
side potential employers; different economic environments: harder to find a
job in a through than in a boom, etc.)?. Albeit the technical difficulties, ana-
lyzing this problem increases our understanding of the mechanics of incentive
compatibility and self-enforcement in a dynamic setting. Would the manager
require some form of insurance against fluctuations in the value of his/her
outside options? How would this affect the CEO’s utility in the short and
the long run? Would shocks to reservation utilities have an impact on the
long term distribution of executive’s wealth? All these questions fall into the
scope of the current paper which brings more structure to the model presented
in Morfov (2010), establishes some interesting properties of the state space,
computes the model numerically and provides intuition for the results.

Let us formally introduce the environment. Time is discrete and the set
of firm’s possible profits, Y, is a time- and history-invariant set of n > 1
distinct real numbers. For concreteness, we will index the set of possible
profits of length § > 0, Y? by L := {1, - ne}. Hereafter, we will refer to a
particular element of Y? as an initial history and will frequently denote it by
its index [ € L. Moreover, all functions and correspondences with domain
Y% will be considered as vectors or Cartesian products of sets indexed by L.
At the beginning of period 0, the firm’s shareholders and the manager sign an
incentive-compatible, self-enforcing supercontract. The wage received by the
CEO has a uniform lower bound w which can be considered a minimum wage
level. The level of effort exerted by the manager belongs to the compact, time-
and history-invariant set A. Additionally, we make the following assumptions.

5For example, in order to address the wide use of broad-based stock option plans, Oyer
(2004) builds a simple two-period model where adjusting compensation is costly and em-
ployee’s outside opportunities are correlated with the firm’s performance.

6 Occasionally, we will treat I as a bijective function mapping Y to L.



Assumption 1 The profit realization at any period of time depends only on
the effort exerted by the CEO in the beginning of the same period and is
characterized by the probability function mw(.,a) : Y — (0,1), Va € A, where
7 (y,.) is continuous on A for any y €Y.

Assumption 2 The shareholders of the corporation are proxied by a “prin-
cipal” with period utility y — w for any (gross) profit realization y and wage
w. They discount the future by a factor Sp € (0,1).

Assumption 3 The CEO'’s period-utility is specified as v (w)—a for any wage
w and level of effort a, where v (.) is assumed continuous, strictly increasing
and concave.” He/she discounts the future by a factor 3,4 € (0,1).

Assumption 4 At any time t, the reservation utilities map Y to R. Given a
particular initial history | observed at the beginning of period t, the reservation
utilities of the principal and the CEO are respectively U,;and V; (denoted as
UandV if0=0).

Given a profit history y'~! € [ x Y observed in the beginning of period
t > 0, and an admissible supercontract ¢ = (a,w) signed at node ! at the
beginning of period 0,% define the expected discounted utility of the principal

"This specification actually requires that the manager should consume his/her exact
wage at each contingency thus preventing him/her from smoothing his/her consumption
stream through borrowing and/or saving. Ceteris paribus, the principal will find it cheaper
to motivate the CEO. Note, however, that in our framework problems with commitment
are likely to have an adverse effect on the provision of incentives, so by ignoring possible
readjustments in the manager’s consumption stream, we will be able to study the role of
limited commitment in isolation. On a practical level, without imposing a very strong set
of assumptions on the primitives of the model in order to justify the use of the first-order
approach, allowing the agent to save will significantly complicate the numerical estimation
of the model.

8Note that the history y*~1 consists of  initial outcomes observed before period 0 and
t profit realizations from time 0 to time ¢ — 1.
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at node y*~! as Uy (c,y""!). Analogously, define V; (c,y*~!) as the expected
discounted utility of the manager at that node. The supercontract specifies
a recommended level of effort and a contingent compensation scheme on all
possible contingencies after signing. The admissibility of the contract refers to
the effort belonging to A and the wage being greater or equal to its minimum
level w at any contingency (after signing).

Then, at period 0 at node I, the principal will be solving the following
problem:

[PPx]
sup Up (¢, 1) s.t.:
c

¢ admissible (1)

Vi(e,y'™') 2 Vi (d,y* 1), V¢ = (¢, w) admissible, Vy' ', V¢ (2)
a
U, (

where (1) is an admissibility constraint, (2) requires that the recommended
plan of effort levels is incentive compatible at every node, while (3) and (4)
are participation constraints for the manager and respectively the principal
which are required to hold at any node after (and including) 1.°

¢0) 2V W, M € L (3)
6 0)

> Us, Y, Ve L (4)

9In the current paper, the environment, the principal’s problem and the recursive form
are only presented schematically. For a more detailed and motivated exposition, refer to
the more general framework of Morfov (2010).
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Having defined the problem, we will assume that the set of constraints
forms a non-empty set.!’

Assumption 5 VI € L, {c:(1)—(4) hold after I} # 0.

Proposition 1 Let (1) and (4) hold after some l. Then at any node after

(and including) | we have wy (.) < W, where W := w + + (f:fp —g) with
m:= min 7(y,a), §:=maxY, and U := minU,.
(y,a)€EY x A = =

The proposition says that an admissible contract that guarantees the com-
mitment of the principal effectively binds the wage from above. Note that
the upper bound W does not depend on the initial history [. Therefore,
for any contract in the constrained set of the problem [PPx], we have that
wy (\) € W := [w,w] which is a compact subset of R. Consequently, all the
results of Morfov (2010) are valid for such a contract. In particular, there ex-
ists an equivalent recursive representation of [PPx] which is stationary upon
a properly defined state space. A brief outline of the characterization follows.

Let AP denote an admissible, incentive-compatible supercontract that only
guarantees the participation of the agent, while 2P stays for an admissible,
incentive-compatible supercontract that guarantees the participation of both
parties. Denote by VAT (1) the set of expected discounted utilities for the
manager signing an AP contract at ! with @ imposed as a uniform upper
bound for the wage.!! Let VAP := {VAP (1)} be the Cartesian product

10This assumption is the equivalent of Assumption 3 in Morfov (2010) [for details, see
the comments in Footnote 14 in the aforementioned paper].

INote that the “true” AP contract does not require that wy (.) < @. This condition
comes from the participation constraints of the principal which only hold for the 2P contract.
Therefore, we will actually characterize the AP contract that allows for wages not higher
than w. Imposing this additional condition to the AP contract, however, has no impact
on the 2P contract since by Proposition 1, the original problem [PPx] is equivalent to one
where wages are bounded from above by w. Also note that working with explicit bounds
for the wage will be an advantage in the forthcoming numerical computation.
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of such sets indexed by L. Let V2P be the corresponding product of sets of
expected discounted utilities for the CEO signing a 2P contract. For any VYV =
{Vi} € VAP define vt (V') as a vector with a general element Ut V,0)
that stays for the maximum utility the principal can get by signing an AP
contract offering V; to the manager. Respectively, for any V € V22 U* (V)
is a vector with a general element U* (V7,1) that denotes the maximum utility
the principal can get by signing a 2P supercontract offering V; to the manager.
Let U* be the extension of U* on VAP st. for any V € VAP U* (V) is a
vector with a general element

Uu*(v,l) itV e V2P )
—o00 otherwise

ﬁ*(Vz,w:{

Let [4 : L x Y — L map today’s initial histories and current profit real-
izations to tomorrow’s initial histories. Finally, three important operators are
defined. B _ _

For any X = {X;} € R, B(X) = {Bl (X)} with By (X) == {V € X;: 3

a (single-round) contract cg (V,1) = {a—,wt (v), Vi (y) }yey st

a_ €A (5)

wy (y) e W, Wy eY (6)

;[U (W (y)) —a’ +BAVi (Y7 (y,a’) <V, Val € A (7)
;[v (Wi (y)) —a-+BaVi W7 (y,0-) =V (8)

| Vi (y) € X1 y), Yy €Y 9)

hold}.
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For any U = {U;} with U; : VAP (1) — R upper semi-continuous (usc) and
bounded with respect to the sup metric, and any V € {V;} € VAP T (U)(V)
is a vector with a general element defined as follows:

Ty (U) vy r=max } [y —wy (y) + BpUs, ) (Vi W) (y,a-) s.t.:

CR yeY

(5) — (8) hold, and

Vi) eVAT (14 (Ly), Yy ey (10)

For any | € L and V; € VAP (1), let T (V;,U,1) := {cg : (5)—(8), (10)
hold at (Vi,1) and Uy, ) (Vi (y)) = Uy, ), Yy € Y} for some function

U:VAP 5 (RU {foo})ne. Additionally, let

_J TeUD) U W) 2T,
Ar(Vi, U,1) o= { () otherwise
For any U = {U;} with U; : VAP (I) — RU {00} usc and bounded from
above, and any V € {V;} e VAP T (U) (v 1s a vector with a general element:

—o00 if Ag (Vi,U,1) =0
I, (U) )y = { max Y [y~ wi (4) + BpUt, 0. (Ve @) (4, 0 Jotherwise

CRE
Ar(vu)YE

Following the results of Morfov (2010), the optimal 2P contract is recur-
sively characterized in three steps'?:

Step 1. Start with the set Xy = {[Kl,f/}} where V = Ul(f—)ﬁ_f with
a = min {A} and iterate on the set operator B until convergence. The limit

is VAP,

128tep 1 generalizes on Abreu, Pearce and Stacchetti (1990). Step 2 is standard dynamic
programming over upper semi-continuous, bounded functions. Step 3 is based on Rustichini
(1998).
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Step 2. Take a function U = {U;} with U; : VA (1) — R usc and bounded
with respect to the sup metric, VI € L. Iterate on T (.) until convergence. The
limit is UAP" ().

Step 3. Take UAF" (.) as an initial guess and iterate on T (.) until con-
vergence. The limit is U* (.). Moreover, V2P (1) = {V € VAP (1) : U* (V,1) >
U,}. Then, for any V € V2P (1), we have U* (V,1) = U* (V,1).

Although we cannot solve the model analytically, we have constructed
an equivalent recursive representation that can be addressed by numerical
techniques in a three-step procedure as outlined above. Now, we are ready
to parameterize the model and compute the optimal solutions. Before that, I
will provide some intuition for the results to follow.

Proposition 2 If§ =0, we have VAT = [max {K U(w)_g} , 17}

) 164

This proposition derives the state space of the optimal AP contract when
manager’s reservation utility is constant across profit histories. VAP is an
interval and its lower limit is either the CEO’s reservation utility or his/her
discounted utility under a supercontract paying the minimum wage and induc-
ing the lowest level of effort at every single node whichever is bigger. Indeed,
when in the computation, I consider V = Ul(%—)ﬁ_Aa, where @ := max A, the

lowest possible utility supportable by an AP contract is exactly Ul(%—z;f (cf.

Table 2 in Appendix 2, LLL). The other possible values for V are chosen to

be greater than vl(%ga’ so they immediately become the lower limit of the

respective state spaces (cf. Table 2 in Appendix 2, MMM and HHH). Regard-
v@=a ;o the di d
15, e the discounte

utility of the manager under a contract that pays him/her the highest possi-
ble wage w and induces the lowest possible effort at every node. Note that w
was obtained in Proposition 1 as a theoretical bound on wages under the AP

contract that would not affect the subsequent derivation of the optimal 2P

ing the upper limit of the interval, it is given by
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contract. In practice, we can improve on this bound using economic consid-
erations (see next section). Proposition 2 will not be affected by any uniform
bound on wages. We simply need to redefine @w. One economically interesting
case, however, requires that wage does not exceed the future (gross) profit
realization reflecting the inability of firm’s shareholders in raising additional
funds to support higher compensation values for the manager. In this case,
the upper limit of the state space is, indeed, affected.

For the purposes of the next proposition, let F, (.) denote the mathe-
matical expectation conditional on a current effort level a. For example,

B, (y) = gyyﬂ (y, a).

Proposition 3 If 0 = 0 and w; (.,y) <y, Yy € Y, we have that min VA =

max {V, 2@=2l 5 d max VAP = maxeca{Bovmin{yWh=a} = proreoper, if g €
V.55 5, : U &

argmaxqe 4 { E,v (min {y,w}) — a}, then VAT is conver.

This proposition establishes that when the shareholders are effectively
prohibited from borrowing, the maximum of the state space of the AP contract
is simply the expected discounted utility of the manager under a supercontract
that maximizes his/her period utility across the set of admissible actions and
wages. For example, if A = {g,a}, T < W and Ezv (y) — E,v (y) < @ — g,
then VAP = [max {K, vl(f)azg} , Eﬁ”j?gﬂ (cf. Table 2 in Appendix 2, LLL,
MMM, and HHH).

So far, we have established the limits of the state space VA for the case
where the reservation utility of the manager remains constant across profit
realizations. Since the focus of the paper is history dependent participation
constraints, it would be interesting to see if we can say something about the
case where the outside options vary with the history of observables. In what
follows, I will concentrate on a one-period dependence.
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Proposition 4 Let 0 = 1 and V; = minier V. Then, max VAP (1) = ‘A/,
Vi € L. Moreover, if max,ea {BaEsV — a} > Vi;—v (w), then min VAP (ZA) >
V5 otherwise, min VAT (1) =V, Vi € L.

Here, E,V is the expected reservation utility of the agent tomorrow con-
ditional on a current effort level a. Formally, B,V = >V, 7 (y,a).
yey

Before commenting on the proposition, I will introduce some more struc-
ture. Let us order the elements of Y ascendingly and index them accordingly
such that the lowest element corresponds to an index 1 and the highest to
an index n. We also let the reservation utilities of the manager be positively
correlated with the firm’s realized profit. This last assumption is made solely
for the purpose of illustration; it is not necessary for establishing the result
of the proposition.

Notice that the manager’s reservation utility, the minimum wage, and
the probability distribution of the firm’s profit conditional on manager’s ef-
fort are all exogenous to the model. Therefore, the proposition relates the
slackness of the manager’s participation constraint to the values of the ex-
ogenous parameters. Indeed, it is just a restatement of the fact that if the
firm’s profit is at its lowest level today and a temporary incentive-compatible
contract providing the manager with the minimum wage and a continuation
utility equal to the reservation value at each contingency tomorrow guaran-
tees him/her today a utility strictly higher than his/her outside option, then
the manager’s participation constraint under the optimal contract will not
bind at initial state y;. Consider, for example, the case of two possible ac-
tions, ¢ < @. If BzV — E,V > %’ then {@,w,V,;},-, is the temporary
incentive-compatible contract that minimizes the manager’s current level of
utility. The worst-case scenario (from the point of view of the manager) is
when the firm’s profit is lowest since then his/her reservation utility is at
its minimum level. If, in such a case, inducing high effort by promising the
minimum salary and the respective reservation utility on any node tomor-
row guarantees utility of at most the reservation level today, then manager’s
participation constraint binds under the optimal contract irrespective of the
history of profits. If, however, the manager can only be promised a current
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utility higher than his/her reservation one, then his/her participation con-
straint will not bind and the shrinking of the set of possible continuation
utilities from below will eventually lead to increasing the lower limit of the

state space for low enough profits. Note that the shrinking of B ()N(()) may
lead to shrinking in E; ()~(0>, l=2,.,n—1,i=2 ...evenif V; > V,; and
maxeea {BaFaV —a} >V, — v (w). The reason is that raising min B ()?0>
increases F, min B (f(o) relative to min E; ()20) =V, for any a € A3 If

EzV - E,V < %, then letting the manager shirk by paying him/her the
minimum wage and promising him/her the reservation utility at any con-
tinuation node is temporary incentive-compatible and minimizes the agent’s
current level of utility. The same analysis as before applies.

Proposition 4 indicates that, ceteris paribus, decreasing (increasing) the
variance of the manager’s reservation utility, his/her patience, utility of ef-
fort, or utility of consuming the legally-established minimum wage level will
increase (decrease) the number of scenarios under which the manager’s partic-
ipation constraint would actually be binding. In the extreme case where the
manager’s reservation utility, V, is constant across the history of observables
(i.e., # = 0) and is (reasonably assumed) higher or equal to the lowest util-
ity level supportable by an admissible incentive-compatible contract ignoring

the issue of manager’s commitment,”l(%)ﬁ_Q
A

reduces to min VAY = V as also implied by Proposition 2, i.e., the poorest
(in initial expected discounted utility terms) manager is guaranteed exactly
his/her reservation utility level under the optimal contract. What would hap-
pen, however, if the manager’s reservation utility actually varies across the
observed profit histories?

, then the result of Proposition 4

Corollary 1 If0 =1, V; = mine, V; < vw-a ;nd e L V, > V5, then

1-B4
VAP (T v(w)—a
min V (l) > =5

13Notice that E, min B? (550) = > min (Ell( ()?0)) 7 (y,a).
e )
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The corollary says that if we have a (non-reducible)!? one-period de-
pendence (i.e., reservation utilities at the beginning of each period do vary
only with the profit realized at the end of the previous period) and we con-
sider a manager who can essentially commit in the worst-case scenario (i.e.,

V; < Ul(%)ﬁjf), there will be cases under the optimal contract where the man-
ager would receive utility strictly higher than the respective value of his/her
outside option.

For higher values of V3, whether participation will bind or not depends
on the specific parameter values. Nevertheless, if the manager’s reservation
utilities are not bunched on a very tiny interval, we would expect some gain
above reservation utility levels for the least wealthy of the managers with
worse performance records.!?

To summarize, if the manager’s reservation utilities are sufficiently dis-
persed, his/her participation constraint will not bind under the worst case
scenario, which is also observed if the manager can essentially commit when
his/her outside option is at its lowest value. In other words, the minimum
utility the CEO can be promised for initial histories characterized by lower
reservation utility is generally boosted by higher reservation utilities for other
states. Alternatively put, the optimal contract provides the CEO with some
insurance against fluctuations in the value of his/her outside options. In
case of positive correlation between firm’s profit and manager’s reservation
utility, this translates into the participation constraint of the manager being
non-binding in states characterized by low profits.

Another point that deserves attention is whether V4 is convex. We have
seen that when the reservation utility of the principal is constant across profit

14Note that assuming § = 1 and V;, = V, VI € L, is equivalent (or, alternatively put, is
reducible) to # = 0 with a manager’s reservation utility of V.

15Tn the next section, I consider positive correlation between yesterday’s profit and man-
ager’s current reservation utility (i.e., a one-period positive dependence). The reservation
utility values generally allow for the more interesting case of non-binding participation
constraints. The state space VAT is estimated numerically (for different combinations
of reservation utility values and different borrowing arrangements) and the results are pre-
sented in Table 2 in Appendix 2. They indicate that if maxsea {84 BV — a} > Vi—v (w),
there is some utility gain on the lower limit of the state space for all but the best-record
managers. Another observation is that the worse the record, the higher the gain.
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histories, the state space is indeed an interval. This result, however, can-
not be easily generalized for the case of varying reservation utilities. Indeed,

if for some 7 = 1,... the set )?z = Bi ()?0) exhibits a hole, then this hole

can potentially persist into VAP, Let us assume that § = 1, A = {a,a},
a<ua A €L :V, > minerV,, ie, we have a non-reducible one-period

dependence and two possible levels of effort. Consider B (j}o). Is it con-

vex given that )~(0 is? Let V, and Vg be the sets of initial utility values
that are supportable by admissible incentive-compatible contracts guaran-
teeing continuation utilities in X and inducing low and, 1rebpectlvely7 high

effort. Note that both these sets are compact and convex. Then, B (X())

is convex if and only if V, N Vg # 0. From the proof of Proposition 4,
we know that maxV, > max Vg, so the necessary and sufficient condition
for the convexity of B (f(o) is equivalent to max Vg > minV,. It is not
straight-forward, however, to derive this condition in terms of parameters.
We can certainly derive sufficient conditions, but they need not be necessary.
For example, let 5 € argmaxyey {7 (y, )—7r(y, a)} and V = maxer V.
Take the contract {a,v(w),V} which is clearly incentive-compatible and
guarantees the manager an initial utility of v (w) + 84V — a. Now, con-
sider the contract recommending high effort while promising wage w and
a continuation utility V if the profit realization is y and, respectively, w
and V otherwise. This contract would be incentive compatible and would
guarantee the manager an initial utility of at least v (w) + 3,V — a if @ —

a < win{(x (§,3) - 7 (5,@)) (v (@) + B4V — v (w) = B,T) , 7 (5:) (v (@) +
BAV) =7 (7.a) (v(w)+B4YV)}. This inequality is basically satisfied if V. is
not too high. Notice, however, that by Proposition 4 V will be higher the next

iteration if max,ca {Ba BV —a} > V;— v (w), i.e., if the guess for the state
space shrinks. Also note that while we have constructed a sufficient condition

for the convexity of B (XO), this condition is far from necessary.

Given the previous discussion, can we say anything more about the prop-
erties of the value function UAY" and its associated policies? We already
know by Proposition 5 in Morfov (2010) that UAP" is upper semi-continuous
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(usc) and bounded. Is it continuous? For any [ € L and V € VAP (1), de-
fine T3” (V1) := {cp : (5)-(8), (10) hold at (V,1)} and GR” (V,1) := {cg €
PAF (V1) 2 UAP (V1) = Eu(y — wy (y) + BpUAL, (Vi ()} Namely,
AP (V1) is the set of admissible, incentive-compatible, one-period contracts
guaranteeing the participation of the manager and providing him/her with
utility V' at initial history I, while G4 (V1) is the subset of optimal (from
the point of view of the principal) contracts.

Proposition 5 Foranyl € L, T4F (.,1) is upper hemi-continuous on VAT (1).

To show that the value function UAP" is continuous on VA we also need
AP (1) to be lower hemi-continuous on VAP, This is where the problem
stems from. For example, consider two possible effort levels a < @ and let VaAP
and VEAP be the sets of initial utility values that are supportable by admissi-
ble incentive-compatible contracts guaranteeing continuation utilities in VAP
and inducing low and, respectively, high effort. Fix [ € L. By Proposition 4,

max VAP (1) > max VAT (1); therefore, if VAT is convex, T47 (., 1) may violate
lower hemi-continuity at max V27 (1) and /or max {min VAP (1), min VAP (l)}
Call these points Vi and Vb, respectively. Then, by the theorem of the
maximum'® UAP" (., 1) will be continuous and G‘4” (.,1) will be upper hemi-
continuous on VAP (1)\ {V1,Va}. If 6 = 0, we know that VA is convex, so
the previous analysis applies.

Notice that the problems surrounding the potential discontinuities of Fép
may be related to the possible non-convexity of the set of effort levels, A.!7
However, in view of the numerical estimation, working with an interval of ef-
forts is unfeasible. Moreover, multiple actions may require ranking conditions
and the calibration of such a model may prove a difficult task. Therefore, in

16See, for example, Stokey and Lucas (1989).
"Indeed, the problem may be attenuated if we assume A convex [cf. Phelan and
Townsend (1991)].
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the next section, I will concentrate on the case of only two possible levels of
managerial effort: high (working hard) and low (shirking).!8

3 Computation and Results

The computation of the model starts with solving for V4 the set of man-
ager’s expected discounted utilities supportable by an AP contract. While
Proposition 14 from Morfov (2010) gives the theoretical background for the
estimation of VAY | some caveats remain. In particular, B is a set operator
and in order to apply the iterative procedure in practice we need an efficient

representation of the sequence of sets {Xl} . For the class of infinitely
€44

repeated games with perfect monitoring, Judd, Yeltekin and Conklin (2003)
are able to construct inner and outer convex polytope approximations based
on the convexification of the equilibrium value set through a public random-
ization device. Here, I follow a more general approach which does not rely
on assuming that VAF is convex or convexifying it by introducing public
1randonlization.19 The main idea is to discretize the elements of the initial
guess Xy and start extracting small open intervals, the midpoints of which
are unfeasible with respect to Xy. The extraction is done elementwise without
updating the previous elements. In particular, I start from the discretization

18Note that if we presuppose the optimality of a certain level of effort, say high effort [see,
for example, Aseff (2004)], we will have VAP = VQAP convex, F’I%P lower hemi-continuous
and, therefore (given Proposition 5), continuous, so by the theorem of the maximum UAP*
will be continuous and GQP will be upper hemi-continuous. Such an assumption, however,
is not as innocuous as it may seem since it appears that shirking (low effort) is optimal for
a wide interval of initial utility values in the upper region of the state space (see Figure
10).

19Such a general approach is particularly useful in addressing extensions as for example
estimating the endogenous state space of agent’s expected discounted utilities supportable
by an AP stock option contract, because of the non-convexities inherent to the stock option
contract.
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of the first?® element of )~(0, find the points that cannot be supported by a one-
period AP contract with a continuation utility profile contained in XO, ie.,

the points of the discretization which are not in the first element of B (Xo>,

and extract small open balls around these points. Next, I find the gridpoints
in the second element of X which are unfeasible with respect to X, extract
their small open neighborhoods and proceed in a similar fashion until I cover
all the elements of Xy. The remaining set, i.e., Xq less the extracted intervals,
becomes X, our new guess for VAL, Given that X, is a vector of n? closed
intervals in R, each of the n? elements of X; will be a finite union of closed
intervals in R. In order to increase efficiency, intervals with length less than
some prespecified level are reduced to their midpoints. The procedure stops
if for each element of X; the number of closed intervals representing it equals
the respective number for the same?! element in X;_; and, in addition, the
representation of X; differs from the representation of X1 by less than some
prespecified tolerance level. In order to apply this stopping criterion, one still
needs to construct a measure for the difference between representations. For
this purpose, I find the difference in absolute terms between each endpoint
(minimum or maximum point) of each interval of each element of X; and
XZ 1 respectively and take the maximum one to be the difference between
the representations of X and X _1. This difference is well defined given that
the two representations share the same structure, which is actually the first
condition of the stopping criterion.

Once VAP is obtained, it is elementwise discretized and used as a state

space in the dynamic program for obtaining U A" At each iteration, the guess
for U being defined only on the discretization needs to be interpolated
over the state space. Interpolatlon is also required in the subsequent iterative
prgcedure which uses U"" as an initial guess for U , the extension of U* on
VAP,

It should be noted that for computational purposes, I do not work with
w directly, but use v := v (w) instead. This simple change of variables makes

20Note that X is a Cartesian product of n? sets.
21Here, ‘same’ refers to the index of the element, i.e. to the initial history to which it
corresponds.
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the set of constraints linear in a, v, and V., which significantly improves the
numerical optimization. We can always recover the optimal wage by inverting
the optimal v.

Table 2 in Appendix 2 contains VA7, the state space of the optimal AP
contract. The results are obtained by parameterizing the model in line with
the calibration of Aseff and Santos (2005) based on the results of Hall and
Liebman (1998) and Margiotta and Miller (2000). Namely, the set of pos-
sible profit realizations which are interpreted as stock price returns Y =
{va) v,y } = {0.55, 1.125, 1.7}, the space of effort levels A = {a,a} =
{0.1253, 0.1469}, the conditional probabilities 7 (y(1),a) = 0.1508, 7 (y(2),a) =
0.8121, 7 (y(g),g) =0.0371, 7 (y(l),a) =0.1268, 7 (y(Q),E) =0.8082, (y(g),a)
= 0.065.22 I fix w = 0 and equalize the discount factors for the agent and the
principal 84 = 8p = 0.96. The period utility with no effort, v (.) = \/6, is
as in Aseff (2004)?3. The reservation utility of the principal is assumed con-
stant across initial histories with a value U = 0. As regards the upper bound
of the manager’s compensation, I consider three different cases. Case 1 uses
Proposition 1 to derive the uniform upper bound for the wage w given the
minimum reservation utility of the principal U. Cases 2 and 3 still honor the
upper bound w, but impose further restrictions on the manager’s period com-
pensation®* Case 2 bounds the wage by 7 at each contingency.?® It implicitly
allows the shareholders to borrow up to § — y every period given a realized
profit y. Case 3 implicitly prevents the shareholders from borrowing. At each
possible contingency, they can pay the CEO no more than the realized profit.
For case 1, I take the upper bound for the initial guess V = v@=a while for

1-B84
v(min{w,y})—a
1-B8,4 ’

cases 2 and 3, I use V= I analyze the case of § = 1, which

encompasses f = 0 as a subcase. Then, I have to deal with n’ = 3 (initial

22 Aseff and Santos (2005) actually consider two conditional distributions over an interval
of possible stock price returns [0.55, 1.7]. In this numerical experiment, I concentrate the
mass of each distribution on 3 points of this interval: the minimum, middle, and maximum
point.

23Running the algorithm with v (w) = log (1 +w) as in Aseff and Santos (2005) showed
no qualitative changes in the results.

24Cf. Wang (1997).

25Remember that 7 is the highest possible profit realization, i.e. Y(3) in our setting.
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history) states. I use the natural notation [ for the state with initial history
Yy, | € {1,2,3}. I consider three possible values for the reservation utility of
the CEO: L= “1(%—23;6 = -3.6725, M = 0, H = -L. Then, I analyze the more
interesting case of nonnegative correlation between initial histories and man-
ager’s reservation utilities. This limits the number of possible combinations
of reservation utility values across initial histories to 10. For example, LMH,
which stays for V, =L, V, =M, V3 = H, is allowed, while LHM is not. Note
that KKK is equivalent to the case of § = 0 and V. =K, where Ke{L, M ,H}.
Each cell of Table 2, contains VA? for a particular combination of reserva-
tion utility values (table rows) and a particular case (table columns). In each
cell, the left subcolumn corresponds to the intervals’ minimum points and the
right - to the maximum points, while each subrow corresponds to a particular
initial history. For example, for LMH, (case) 1, VA (1) = [0.8275, 843.0178],
VAP (2) = [0.8200, 843.0178], VAP (3) = [3.6725, 843.0178].

The results suggest that for any I € {1,2,3}, VAP (I) is convex from
where come the single intervals in Table 2. Note that at least for cases 1
and 2 the upper bound of V4 (.) remains constant across initial histories
and reservation utility combinations. In fact, it equals the theoretical bound
given the case: “1(?)5:‘& for case 1 and “1@6;& for case 2. This means that
wages can be high enough to support high expected discounted utilities for
the manager. Note, however, that V2 ¢ VAP and we lose high utility values
in solving for U* as Figure 1 in Appendix 2 indicates. The reason is that
the value function is decreasing in the upper region of VA?, which results in
violations of the principal’s participation constraint for high utility values of
the manager.

Since the results are similar across cases, we concentrate on the economi-
cally motivated cases 2 and 3 with a special focus on case 3.26 Figures 1 and
2 plot U* and UAY" over VAL for cases 2 and 3 respectively. In each graph,

26 As regards the numerical computation, case 3 is the clearest case followed by case 2.
Case 1 is the noisiest case since the state space of the auxiliary problem, VAP is the largest
due to the higher upper bound of the manager’s utility, V. This requires a coarser grid and
also introduces numerical mistakes due to the high absolute values of the negative numbers
the guess for (and the actual) UAP” takes in the upper regions of the state space, regions
which we in fact lose when estimating U™ since they violate principal’s participation.
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the left panel corresponds to an initial history 1, the middle - to 2, and the
right - to 3. Note that although similar, the value functions are not the same
across initial profit histories for both the auxiliary and the original problem.
The main difference comes from the substantial shrinking of the state space
from the left when the initial history is the one characterized by the highest
reservation utility (i.e., 3). Given an initial history 3, the maximum utility
the principal can get by signing an AP or 2P contract with the CEO is less
than what he/she can obtain under 1 or 2 since the contract should guarantee
a higher initial utility to the manager. Note that U* and UAF" are almost
identical for case 3, while U* does not cover the uppermost part of the domain
of UAP” in case 2. The reason is that very high initial utility promises should
be supported with sufficiently high wages, which would eventually decrease
the expected discounted utility of the principal below its reservation value at
some node. Therefore, in case 2, the minimum utility the principal can obtain
by signing a 2P contract with the manager is higher than the minimum under
an AP contract. This is not observed (or, in general, less pronounced) for case
3 since then the principal is essentially prevented from borrowing, so he/she
cannot offer the manager wages that are sufficiently high to violate his/her
own participation constraint under the 2P contract. The graph also suggests
that the value functions are concave and monotonically decreasing, properties
which, however, are not so easy to generalize.

Regarding the characteristics of the optimal contract, the recommended
effort level is predominantly the high one. However, low effort appears to be
optimal in some utility regions. Since the results are similar across cases, I
only report the relationship for LMH, case 3. As Figure 3) indicates, shirking
is optimal for sufficiently high initial utility values. Intuitively, the manager
is so rich (in expected utility terms) that the firm cannot effectively reward
or punish him/her and, therefore, finds motivating him/her to exert high
effort suboptimal. The CEQ’s utility tomorrow increases in both the end-
of-period profit and the initial utility promise as illustrated in Figures 4 and
5 respectively. Let us focus on Figure 4 which plots the relation for each
possible initial utility. While the future utility promise is basically flat for high
initial utilities, for low utility values the increase is driven by the participation
constraint of the agent which is binding tomorrow at a profit realization ys.
This is also reflected on the left and the middle panel of Figure 5 as the kink
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of the graph of V4 (.,y3). Note that this is not the case for initial history
3 which requires higher future utility promises. In general, the manager’s
wage increases in both the end-of-period profit and the initial utility promise.
Notice that the compensation scheme is much flatter across profit realizations
for case 2 than for case 3 (Figures 6 and 7 respectively). This is because
current consumption smoothing (across profit realizations) which is achieved
by a flat wage scheme for the initially poor (in terms of utility promises)
managers, is no longer possible for richer CEOs because the credit constraint
imposed in case 3 starts to bind. This is particularly relevant for the lowest
profit realization y(;). The same point can be illustrated by Figures 8 and
9. Note that wage contingent on a low profit tomorrow is strictly increasing
on the whole domain of initial utilities for case 2, while in case 3 it steadily
increases until y(;) is reached and then with the credit constraint binding
stays constant at that level.

The results suggests that both current and future compensation are used
to induce poor and mid-range managers to work hard, while rich managers
prove too difficult to motivate. The latter shirk and while they may face some
fluctuations in their current income stream due to binding credit constraints
on part of the firm, their lifetime utility remains relatively flat.

Since there is a sufficient dispersion in agent’s reservation utility values,?
the minimum utility supportable by an AP /2P contract for initial histories
characterized by lower reservation utility is boosted by higher reservation util-
ities for other states. More specifically, in the presence of positive correlation
between profits and reservation utilities, the participation constraint of the
agent does not bind in states characterized by low profits. In other words, the
AP/2P contract provides the manager with some insurance against fluctua-
tions in the value of his/her outside options, which ultimately smooths his/her
consumption across (initial history) states. Interestingly, while the theoretical
result of Proposition 1 only refers to initial history 1, we observe a cascade
effect which leads to a significant rise in the lower limits of the possible utility
promises for both 1 and 2. Finally, note that if the reservation utility remains
the same across some, but not all of the truncated initial histories, VAP (.)

7

2"The only exception observed is when the reservation utility remains flat across past
outcomes, so in fact we are in the case of § = 0.
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is identical for the initial histories with the same reservation utility. While
this seems obvious for 6 < 1, longer history dependence will potentially break
the relation since the set of possible tomorrow’s histories will depend on the
history today.

Table 1 in Appendix 2 shows the effect of changing the value of the min-
imum reservation utility of the principal for LLL, case 1. Theoretically, we
have that increasing U decreases w, which in turn causes V' to fall. Since the
analysis so far suggests that the theoretical upper bounds for agent’s utility
can be supported by an AP contract, the only effect of changing U comes
from the resulting change in the theoretical bound. Moreover, since the 2P
contract cannot support manager’s utilities in the upper region of VAL (.),
the optimal self-enforcing contract is not affected.

I also use Monte Carlo simulations to investigate the dynamic behavior of
the optimal contract. Namely, I construct “typical” time paths of length T for
the manager’s effort, wage, and expected discounted utility, the firm’s profits,
and the principal’s expected discounted utility. Each such path is taken to be
the mean of I independently generated paths which are constructed following
the transition and the policies (and if relevant, the value function) of the 2P
contract. The “typical” path is well defined given an initial condition (Vj,1),
where Vy € V2P (1) and | € {1,2,3}. Figures 10-17 present the results for
LMH, case 3 where I take T = 50 and I = 450.%8

Figure 10 illustrates how the manager’s effort optimally develops in time.
Each curve on the I’th panel of the graph represents a time path conditional
on a particular expected discounted utility being promised to the manager in
the beginning of period 0 given an initial history [ € {1,2,3}. Relating each
curve to its corresponding initial utility indicates that initial effort persists for
sufficiently low or sufficiently high initial utilities (high effort for low initial
utilities, and low effort for high initial utilities), there is some dynamics in
the middle-utility range, mostly expressed in diminishing effort.

Figures 11 and 14 suggest that manager’s compensation and, respectively,
his/her expected discounted utility grow weakly in the long run where the

28 Longer paths were also simulated but the results did not show significant difference from
the ones presented here while memory limitations progressively restricted the precision of
the estimates.
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increase is pronounced for sufficiently low initial utilities, while the mid-range
and high initial utility paths tend to be relatively stable at their initial lev-
els. In other words, CEOs who start rich (in expected utility terms) tend to
keep their utility level while those who start poor get richer in time. Note
that the increase is most pronounced for managers with initial utilities be-
low the highest reservation utility, i.e., the poorest managers in 1 and 2.2°
These managers first have their utilities pushed well above their reservation
level based on the insurance effect outlined in Corollary 1. Then, the princi-
pal motivates them to work hard by rewarding success through continuation
utilities while providing them with insurance through flatter wages. In this
way, the probability of a higher profit and, therefore, higher reservation utility
tomorrow increases, which rises the manager’s expected continuation utility.
Since wage is increasing in initial utility, the resulting pattern is observed.
Therefore, in the long run, both consumption (wage) and wealth (utility) are
smoother across initial history states. The result can also be interpreted as a
decreasing (wage- and utility-) inequality (as far as the poorest managers are
concerned).

Figure 12 shows the profit fluctuations under the optimal contract. The
average profit realization is substantially higher for lower than for higher ini-
tial utilities with some sudden drop at the mid range. This is understandable
given that high effort is optimal for lower utility values while low effort is
optimal for high utility values.

As Figure 13 indicates, the principal’s expected discounted utility tends to
decrease weakly in the long run where the decrease is more pronounced when
lower initial utility is promised to the agent. For higher utility promises, the
principal tends to keep his/her initial utility value. This is easily explained
by the dynamics of the manager’s utility given that the value function is
decreasing.

In a setting of dynamic risk sharing, Green (1987) and Thomas and Wor-
rall (1990) demonstrate that the agent becomes infinitely poor in the long run.
Phelan (1995) shows that this result does not hold if limited commitment is
introduced on part of the agent, namely that there exists a non-degenerate

29Remember, that 3 is the manager’s best initial history since it is associated with his/her
ighest reservation utility U5 = H.
highest tion utility U, = H
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limiting distribution of agent’s expected discounted utility and consumption.
In a CARA setup with unobservable actions, Wang (1997) shows numeri-
cally that agent’s wealth and consumption tend to fluctuates over time. Aseff
(2004) numerically demonstrates that in a contract that optimally induces
high effort, the agent’s expected discounted utility increases in the long run
and has a non-degenerate limiting distribution. In a more general setup char-
acterized by limited commitment on both parts and history-dependent reser-
vation utilities, I obtain a similar result as indicated in Figures 15-17. Each of
these graphs considers an initial state I and plots the empirical distributions
of manager’s expected discounted utility after 50 periods conditional on 12
different initial utility promises. Since the lower bound of the set of possible
initial utility promises for 3 is greater than those for the other two initial
history states and I use an equidistant grid of 100 points (V{1),...,{100)), the
i-th point of the grid for 3 will generally larger than the i-th point of the
grids for 1 and 2 respectively. Having this in mind, we see that the limiting
distribution does not vary considerably across initial history states, i.e., in the
long run it would not matter what the initial profit was as far as the initial
utility promise was the same (at least for a single-period history dependence).
Note however that since the curves on each panel of Figure 14 generally do
not cross, it still matters where (in terms of utility promise) you start - the
poor get rich but it is still better to start richer.

4 Conclusion

This paper considers the dynamic principal-agent interaction between firm’s
shareholders and a CEO in a setting characterized by limited commitment
and history-dependent reservation utilities. I analyze the state space of the
recursive form of the problem under a short-term history dependence and
derive conditions under which the optimal contract offers the manager a utility
strictly higher than the reservation level. The model is parameterized and
computed under different structural arrangements. I find evidence that the
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optimal contract provides the manager with insurance against (non-negligible)
fluctuations in the value of his/her outside options, which ultimately smooths
his/her consumption across (initial history) states. Exerting effort appears
to be the predominant strategy for the principal, but shirking may still be
optimal when the CEO is rich enough. The optimal wage scheme and the
future utility of the manager tend to grow in both his/her current utility and
in the future profit realization. In the long run, the CEO does not get poorer
in utility terms. In particular, managers who start rich tend to keep their
utility level while those who start poor get richer in time. The manager’s
utility tends to increase weakly in the long run and appears to have a non-
degenerate long-term distribution depending on the initial utility promise.
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APPENDIX 1

Proof of Proposition 1. _At any node 371 after (and including) I,
we have U < U, (.,yT_l) < f’:ﬁp , where the first inequality follows from

(3) and Assumption 4, and the second from (1), Assumptions 1, 2, and
the properties of A and Y. If we define y := minY’, it is straight-forward

t

o0 .

that Y. 8%7 3 .. % ytHﬂ (yirai (y'=1)) € L_%Bp,l—_'ﬁLP] Consequently,
t=T1 weY yrey [

0 t ‘
we have that W (c,y""!) = tZﬁﬁ;T 3 2w (y) I (wirai (v71)) €
=T Yt € Y- € i

[%, 1—__5LP —g} Let us take some admissible a. Since W (a,w,y™ ') =

> w ()7 (yra(y™Y)) + B X Wie,y) 7 (yra(y™")), we obtain
yr€Y y-€Y

S wr(y)m (yT,a (yT’l)) € [w, 51:6—5’;& — g} Now, consider w, (yT’l,y)
Y- €Y
for some y € Y. Note that by Assumption 1 and the properties of A and Y,

7 is well defined and 7 (y7a (yT_l)) > m > 0. Then, we have:

Wr (yT717y)S
1 Y — Bpw - o1
_U_ T 7T T >~
Twa@T)\ 1P yfe;\{y}w ) (y a(y )) <
1 Yy — Bpw 1
*Uf Y5 T =
Twa ) | 1-8, 2 y&;\{y}w (yrra (7))




where the last inequality follows from (1_ By -U ) being nonnegative by

T—1

Assumption 5. Since (y7~',y) was taken randomly, we are done. m

Proof of Proposition 2. Given that # = 0, the initial guess for VA in step
1 will be X := [V ‘A/] Then, max B ()N(O) = min {v (W) + B,V —g,f/}

= min {‘A/, ‘A/} V since V = M Consequently, by Proposition 14 from

Morfov (2010), we have max VAP V.

The stationary contract {a,w,V} promises the same wage and the same
continuation utility for any profit realization. It is temporary incentive com-
patible and guarantees a current expected discounted utility of v (w)+£,V —a
to the manager. Can we find a contract that guarantees a current utility
strictly lower than that? Suppose it exists, i.e., 3{a—,wi (y), Vi (¥)}, ey
admissible, such that E, {v(wy) + B4V} —a < v(w) + B4V — a, where
E, is the expectation over the profit realization y conditional on the cur-
rent action being a. However, this contract will fail to satisfy temporary in-
centive compatibility. Indeed, (7) requires that E, {v (wy) + S4V4} —a_ >
E,{v(wy)+ B4Vi}—a > v(w)+ B4V —a which contradicts our assumption
that {a—,w (y), V4 (y)},cy guarantees a strictly lower current utility than

{a,w,V} does. Therefore, min B ()?o) = max {v (w )+BAV a,V}. Note
that v (w)+ B4V —a >V is equivalent to V. < “(“’) 5= Then, by Proposition

14 from Morfov (2010), it is trivial that min VAP = max {K, Ul(%—,)@f}
Finally, we will show that VAP is an interval. Xo. Let vy (\) := v (wy (\)).
Given that v (.) is strictly increasing by Assumption 3, the inverse function of
v (.) is well defined and we have wy = v (v (wy)). Then, we can effectively
work with vy instead of wy. Indeed, (6) becomes vy € [v (w),v (w)]. Now,
let us concentrate on stationary contracts of the form {a_, vy (y), Vi (y) }yev-
Note that B ()NCO) is a compact set and its lower and upper limits are utili-
ties supportable by stationary contracts inducing the lowest possible level of

effort. Then, any utility between min {E ()NCO)} and max {E ()NCO)} can be
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obtained as a linear combination of the respective stationary contracts that
support them. The linear combination will satisfy (5)-(8). (9) will also hold
since XO is an interval. In that way, we can show that X is a convex set for
any i =0, 1,... Since X; is a sequence of decreasing (nested), compact, convex
sets, we have that their limit is also convex. m

Proof of Proposition 3. The minimum of the state space is obtained as
in the proof of Proposition 2. Note that max,ca {Fqv (min{y,@w}) —a} is
well defined given that A is compact and 7 (y,.) is continuous on A for any

y €Y by Assumption 1. Let X, := {K, XN/}, where V = %ﬂf})*& Here,

V is chosen so that VAP C X. Let A = arg max,e 4 {E,v (min {y,w}) — a}.
Choose @ € A. Then, the stationary contract < @, min {y,w}, 1% , satisfies
ye

(5)-(7), (9) and guarantees a current utility of Ezv (min {y, @w})+8,V—a < V.
Assume a contract {a—,wy (y), V4 (y)}, ey that has wy (y) <y, Vy €Y and
satisfies (5)-(7), (9) can guarantee a strictly higher current utility to the man-
ager, i.e., B, _{v(wy)+B4Vi}—a_ > Ezv (min {y,w})+ B,V —a. However,
we have that Eav (min {y,W}) + B,V —a > E,_v (min {y,W})+ B,V —a_ >
E,_{v(wy)+ B4Vi} —a_, so a contradiction is reached. By Proposition 14
from Morfov (2010), we obtain max VAP = maXeca{(Hov(min{y W) —a} 1 cag0

1-B4
VAP is established as in the proof of Proposition 2. m

ae€ 21\, the convexity of

Proof of Proposition 4. The maximum is obtained as in the proof of
Proposition 2. Let X, = {[Kl,f}}}. Take a € argmax,ca {E,V —a}.

Then, the stationary contract {a,w,V,} satisfies (5)-(7), (9) and guarantees
the manager a current utility of ’U( ) + 84E:V —a. Assume that there
exists another contract that satisfies (5)-(7), (9) and guarantees a strictly
lower level of current utility to the agent. Let {a_,wy (y), V4 (y)} be such
a contract, ie., B, {v(wy)+F4Vi} —a- <v(w)+ BAEA —a. Then,
o {v(w3) + BaVi} —a_ > By {v(wy)+ B,Ve} —a > v(w) + BBV

a. where the first inequality follows from incentive compatibility and the
second from (6) and (9). A contradiction is reached, so {@,w,V;} must bring
minimum utility to the manager today. If v (w) + 84 FzV —a < V3, we have
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that min B, ()?0> =V,, Vi € L since V; = mine {V,}. If v(w) + f4E5V —
a > V3, min Ef ()?O) = v (w) + B4 F:V — a. Since applying B successively

on Xy leads to a sequence of decreasing (nested) compact sets that converges
to VAP we obtain that min VA? (l) > min Ef (5{0) >V, m

Proof of Corollary 1. From Proposition 4, it is enough to show that
maxqea {faEdV — a} > V; —v(w). We have that maxeea {84 EsY —a} >
maxX,cA {BAK? — a} = BaV; —a > V; — v (w), where the first inequality
follows from the definition of V7, the assumption that for at least one [ € L,
Vi =minep {V;} <V, and 7 (y,a) > 0 from Assumption 1, the equality is
trivial, and the last inequality results directly from V; < %%ﬁ [ |

Proof of Proposition 5. Analogous to the proof of Lemma 2 in the
Appendix of Morfov (2010). m

APPENDIX 2

Table 1
Effects of Changing the Minimum Reservation Utility of the Principal
(LLL, case 1)

U | 0 | 5 | 10

w 1145.5526 1010.7817 876.0103

v 843.0178 791.6873 736.8045
VAP | [:3.1325, 843.0178] | [-3.1325, 791.6873] | [-3.1325, 736.8045]
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Table 2
State Space of the Optimal AP Contract

Case 1 2
[ I 111 ]
LLL -3.1325 843.0178 | -3.1325 29.4635 | -3.1325 22.4035
Yoy | -1.4325  843.0178 | -1.4325 29.4635 | -1.4325 22.4035
LLM  y(g) | -1.4325 843.0178 | -1.4325 29.4635 | -1.4325 22.4035
Ye3) | 0.0000 843.0178 | 0.0000  29.4635 | 0.0000  22.4035
yay | 0.8075  843.0178 | 0.8056  29.4635 | 0.8050  22.4035
LLH  y@) | 0.8075 843.0178 | 0.8056 29.4635 | 0.8050  22.4035
Yes) | 3.6725 843.0178 | 3.6725 29.4635 | 3.6725  22.4030
Yy | -0.1425  843.0178 | -0.1460  29.4635 | -0.1461  22.4035
LMM  yy | 0.0000 843.0178 | 0.0000 29.4635 | 0.0000 22.4035
Ye3) | 0.0000 843.0178 | 0.0000 29.4635 | 0.0000  22.4035
yay | 0.8275 843.0178 | 0.8182  29.4635 | 0.8280  22.4035
LMH  y@y | 0.8200 843.0178 | 0.8200 29.4635 | 0.8200 22.4035
Y3y | 3.6725 843.0178 | 3.6725 29.4635 | 3.6725 22.4030
Yoy | 33575 843.0178 | 3.3635 29.4635 | 3.3632 22.3724
LHH  ye) | 3.6725 843.0178 | 3.6725 29.4635 | 3.6725 22.3783
Yz) | 3.6725 843.0178 | 3.6725 29.4635 | 3.6725 22.3783
MMM 0.0000 843.0178 | 0.0000 29.4635 | 0.0000 22.4035
Yoy | 0.8100 843.0178 | 0.8100 29.4635 | 0.8100  22.4035
MMH  ye) | 0.8100 843.0178 | 0.8100 29.4635 | 0.8100  22.4035
Yes) | 3.6725  843.0178 | 3.6725 29.4635 | 3.6725  22.4030
Yy | 3.3600  843.0178 | 3.3594  29.4635 | 3.3592  22.3623
MHH  y@) | 3.6725 843.0178 | 3.6725 29.4635 | 3.6725 22.3703
yes) | 3.6725 843.0178 | 3.6725 29.4635 | 3.6725 22.3703
HHH 3.6725 843.0178 | 3.6725 29.4635 | 3.6725 22.4001
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Mopdos, C. JuHamMuuecku ONTUMATbHOE BO3HArPAXKICHME TOI-MEHEIKepOB, KOTraa
rapaHTUPOBAaHHbIE TIOJIE3HOCTU 3aBUCST OT MpeabicTopuu : mperpuHT WP9/2010/03 [Tekct] /
C. Mopdos ; Toc. yH-T — Beiciias 1ikoja 3koHoMuku. — M.: M3a. mom Toc. yH-Ta — Boiciieit
IIKOJTBI 9KOHOMHMKH, 2010. — 56 ¢. — 150 9K3. (Ha aHIL. 513.)

JlaHHOE uccref0BaHKe BBIYMCISIET ONTUMAIbHYIO 3apaOO0THYIO IUIATy TOI-MEHEIKEepOB B
MOJIETT MOPAJTbHOTO PHCKA, OXapaKTePU30BAHHON OrpaHUIEHUSIMU UCTIOTHEHUS 00SI3aTeNIbCTB
1 3aBUCHMBIMM OT NPEIbICTOPUU TapaHTUPOBAHHBIMU MOJIE3HOCTSIMU. Mofesb MpeacTaBieHa
B PEKYPCUBHOI1 (hopMe, U YyCTAaHOBJIEHBI HEKOTOPBIE CBOMCTBA MIPOCTPAHCTBA COCTOSIHUM. BbI-
BEJIEHO JOCTATOYHOE YCJIOBUE, YTOOBI ONTUMAIbHBI KOHTPAKT MPELOCTABIISUT TOM-MEHELKepY
CTPaxOBKY OT KOJIeOaHUIi B CTOMMOCTH €T0/ee BHEIITHIX BAPUAHTOB MPU KPATKOCPOUHOU 3aBU-
CUMOCTHU OT MpeabICTOpuu. [1py BEIYMCIEHNN SHIOTEHHOIO IPOCTPAHCTBA COCTOSIHUIA ObLT UC-
MOJTb30BaH MHHOBALIMOHHBIN aJITOPUTM, KOTOPBIl HE UCTIONB3YeT CBOMCTBO BBITYKJIOCTH 0a30-
BOro MHoxecTBa. [IposiBieHue ycuaus siyisieTcs peodiafalolleil crpaTerueii J1st npuHLuMnana,
HO YKJIOHEHHME MOXKET BCE elle OBbIThb ONMTUMATbHBIM, KOT/Ia MEHEIKeP MOCTATOYHO OOTaThIM.
OnTrMaibHas cxeMa 3apaboTHOI M1aThl U OyayLLast OJAe3HOCTb TOM-MeHeIKepa CTPeMSITCS pa-
CTH C POCTOM €T0/ee TeKYIIei MOoIe3HOCTH 1 Oyayiieit mpuobLti hupMel. [lone3HoCcTh MEHeKe -
pa UMeeT TEeHAEHLMIO K POCTy U 00J1aiaeT HEBBIPOXKIECHHBIM IOJATOCPOYHBIM pacpeiesieHUeM,
KOTOPOE 3aBUCUT OT HAYAIbHOI TIOJIE3HOCTH, HO HE 3aBUCHUT OT HAYaTbHOI NUCTOPUHU.
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